DENSITIES FOR SDES DRIVEN BY DEGENERATE a- STABLE PROCESSES 



XICHENG ZHANG 

Abstract. In this work, by using the Malliavin calculus, under Hormander's condition, we prove 
the existence of distributional densities for the solutions of stochastic differential equations 
driven by degenerate subordinated Brownian motions. In particular, we obtain the existence 
of weak solutions for degenerate fractional Fokker-Planck equations with Dirac initial values. 
Moreover, in a special degenerate case, we also obtain the smoothness of the density. 



1 . Introduction and Main Results 
Consider the following stochastic differential equation (abbreviated as SDE) in W l : 

dX t = b(X t )dt + AdW h X = xeR d , (1.1) 

where b : W l — > W 1 is a smooth Lipschitz function, A = (a,y) is ad x d constant square matrix, 
and (W t )teo is a standard J-dimensional Brownian motion on some probability space (f2, 3 ', P). 
It is well-known that if A, = Yfj=\ a ifij and A = Yfi=\ bfii satisfies Hormander's condition, then 
the solution X t (x) of SDE (11.11) admits a smooth density p t (x, y) (cf. [16]). Moreover, by Ito's 
formula, p t (x, y) satisfies the following Fokker-Planck equation: 

d t p t (x,y) = ja ik a jk dy,dy.p t (x,y) + d yj (bi(y)p t (x,y)), p (x,y) = 6 x (y), 

where we used the convention: a repeated index in a product will be summed automatically. 

Let (L t ) t>0 be a rotationally invariant J-dimensional a-stable process, i.e., its characteristic 
function is given by 

Ee iz - L > =e _ ' kr , «e(0,2). (1.2) 

Let us now consider the following SDE driven by L t : 

dX t = b(X t )dt + AdL f , X = x e R J . (1.3) 

A quite natural question is this: does the solution to SDE (11.31) admit a smooth density under 
Hormander's condition? In the nondegenerate case (i.e. A positive), there are many works 
tackling this problem (cf. El \T7\ |2H 13 [IH |2]| etc.), and most of these works are based 
on developing the Malliavin calculus for jump processes. However, in the degenerate case, 
there are few results dealing with this problem. We mention that Takeuchi [21 J and Cass 
has already studied the SDEs with jumps under Hormander's condition. But, their Brownian 
diffusion term can not disappear, and the a-stable noise is not allowed. Moreover, Hormander's 
theorem recently has also been extended to the SDEs driven by fractional Brownian motions 

(cf. OTLH). 

For equation (11.31 ), to the author's knowledge, it is even not known whether there is an ab- 
solutely continuous density under Hormander's condition. It is pointed out that the absolute 
continuity has also been studied in many works (cf. [TT5l l9[ [T8l[T3l . etc.). Let us first look at the 
linear case of Ornstein-Uhlenbeck processes, i.e., 



dX, = BX t dt + AdL,, X = x, 
l 



(1.4) 



where B is a d x d-matrix. The generator of this SDE is given by Jj"' + Bx ■ V, where the 
nonlocal operator is defined by 

£f f(x) := P.V. f [/(x + Ay) - f(x)]-%, (1.5) 

Jw» \y\ d+a 

where P.V. stands for the Cauchy principal value. Recently, Priola and Zabczyk |fT%Tl proved 
that X t has a smooth density under the following Kalman's condition (see also lfT2l for further 
discussions on this condition): 

Rank[A, BA, ■ ■ ■ , B d ~ l A] = d. (1.6) 
In fact, the solution of (11.41) is explicitly given by 

X, = e tB x + f e {, ~ s)B AdL s =: e ,B x + Z t . 
Jo 

Using the approximation of step functions, by (11.21) it is easy to see that 

Ee izZf = Eexp jiz • ^ e ( '~ i)B AdL,| = exp |- ^ \z*e (t ' s)B A\ a ds 
where * stands for the transpose of a column vector. Hence, for any m 6 N, 
f |z| m Ee izZ 'dz = f |z| m exp{- [ \z*e (t - s)B A\ a ds) dz 

JW jR d {JO ) 

< f |z| m exp{-| z r inf f \ae sB A\ a ds\dz. 
Jr" { W =1 Jo J 

Here and below, "a" denotes a row vector in ~R d . By (11.61) . one has 

inf f |ae' sB Ards > 0, 
k'l=i Jo 

and so, 

:| m Ee izZ 'dz < +co, Vm e 



f 

jR d 



Thus, Z, admits a smooth density by EOl Proposition 28.1], and so does X t . 

We now turn to the nonlinear case. Before stating our main results, we first recall some 
notions about the subordinated Brownian motion. Let (S t ) t> Q be an increasing one dimensional 
Levy process (called subordinator) on R + with Laplace transform: 



ie~' v5 ' = ex p|^ ( e ~™ - l)vs(dK)l 



where v s is the Levy measure satisfying v({0}) = and 

(1 A u)v s {du). 



Below, we assume that (S t ) t »o is independent of (W t ) t>0 , and 

P{co :3t>0 such that S t (co) = 0} = 0, (1.7) 

which means that for almost all u, ( h S t (a>) is strictly increasing (see Lemma |2~Tl below). 
Notice that the Poisson process does not satisfy such an assumption, and a-stable subordinator 
meets this assumption (see flU p.88, Theorem 11]). Essentially, condition (11.71) is a nondegen- 
erate assumption, and says that the subordinator has infinitely many jumps on any interval. In 
particular, the process defined by 

L t :=W St , t>0, (1.8) 
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is a Levy process (called subordinated Brownian motion) with characteristic function: 



^ = exp j* fjeto - 1 - iz • yl M <iK(dy)} , 



where v L is the Levy measure given by 

/-»oo 

v L (D= (2^r" /2 ( | eW /2s dy\v s (d S ). (1.9) 



(I' 



Obviously, is a symmetric measure. 

The first aim of this paper is to prove the following existence result of distributional density 
to SDE (11.31 ) under Hormander's condition. 

Theorem 1.1. Let b : W 1 — > R c/ Z?e a C°° -function with bounded partial derivatives of first order. 
For x G W 1 , let X t (x) solve SDE A1.3\) with subordinated Brownian motion L t . Assume that for 
some n = n(x) c N, 

Rank[A, B^A, B 2 (x)A, ■■■ , B n (x)A] = d, (JO 

where B\(x) := (Vb)ij(x) = (djb'(x))ij, and for n > 2, 

B n (x) := (b'diBn-Jix) - (Vb ■ fi„_i)(x). (1.10) 

Then the law of X t (x) is absolutely continuous with respect to the Lebesgue measure. In par- 
ticular, the density p t (x, y) solves the following nonlocal Fokker-Plack equation in the weak 
sense: 

d t p t (x,y) = £ A p t (x, 000 + d y .(bi(y)p t (x,y)), p Q (x,y) = S x (y), 

where 

£ A /(y):=P.V. f [f(y+Az)-f(y)]y L (dz). 

For the smoothness of p,(x,y), we have the following partial result. 

Theorem 1.2. In the situation of Theorem li.il we also assume that the Levy measure vs has 
finite moments of all orders and satisfies for some 6 > 0, 



lim-— | uv s (du) = c e > 0, (1.11) 

e|0 S 



— r 

,1-26 I 

- Jo 

moreover, the following uniform Hormander condition holds: 

inf inf (\aA\ 2 + \aVb(x)A\ 2 ) = c x > 0. (UJ%) 

xeR d M=l v 1 

Then the density p t (x,y) is a smooth function on (0, oo) x R rf x R d . 



Remark 1.3. Let v s (du) = u ^ l+a) du be the Levy measure of a-stable subordinator. It is easy to 
see that holds for 6 = a/2. 

Remark 1.4. Ifb(x) = Bx, then condition (Jt? n ) reduces to di.<5D . A typical example for (Uffly) 
is the following stochastic Hamilton system driven by subordinated Brownian motion: 

dX t = V y H(X t , Y t )dt, X = xe 

dY t = -V x H(X t , Y t )dt + AdL t , Y = y e 



d (1-12) 



where A is a d x d-invertible matrix, and H : R d xM, d — > R is a C 2 -Hamiltonian function with 
thaty i-» H(x,y) is strictly convex or concave. In this case, it is easy to see that (UJ£{) holds. 
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Let us now describe the main argument of proving these two theorems (see IfPfl [T3"l 12210 . 
Let (W, H,/iw) be the classical Wiener space, i.e., W is the space of all continuous functions 
from R. + to W 1 with vanishing values at starting point 0, H c Wis the Cameron-Martin space 
consisting of all absolutely continuous functions with square integrable derivatives, is the 
Wiener measure so that the coordinate process 

W t (w) := w, 

is a standard J-dimensional Brownian motion. 

Let S be the space of all increasing, purely discontinuous and cadlag functions from R + to 
R + with to = 0, which is endowed with the Skorohod metric and the probability measure fig so 
that the coordinate process 

SM'-=*t 

has the same law as the given subordinator. Consider the following product probability space 

(CI, P) := (W x 8, ^(W) x <%(S),fi w x fig), 

and define 

L t (w,i) :=we r 

Then (L t ) t>0 has the same law as the given subordinated Brownian motion. In particular, the 
solution X t (x) of SDE (11.31 ) can be regarded as a functional of w and I, and 




Ef(X t (x)) = f(X t (x,wd)Mw(dw)ns(d€). (1.13) 



Thus, in order to prove Theorem 11.11 it is enough to prove that for each f 6 S, the law of 
w i-> X t (x, W[) under fi w is absolutely continuous with respect to the Lebesgue measure. The 
advantage of this viewpoint is that we can use the classical Malliavin calculus to study the 
Brownian functional w — » X,(x, Wi) (see lfT4l[T3l ). 

This paper is organized as follows: In Section 2, we prove Theorem ll.ll by using the Mallavin 
calculus, where the main point is to prove the invertibility of the Malliavin covariance matrix 
(£f) f= s in (12.51) below. In Section 3, we prove Theorem ll.2l by establishing a Norris' type lemma 
as in [7]. Before concluding this section, we mention the following two open questions: 

• In Theorem 1 1.21 can we remove the assumption that S t has finite moments of all orders so 
that it can cover the fractional Laplacian? 

• Can we obtain the smoothness of the density under the following uniform Hormander's 
condition: 

( n 



inf inf 

xeW M=l 



> o? (ujo 



\aA\ 2 + V \aBj(x)A\ 2 

This condition means that A would be more degenerate as n becomes bigger. If one uses the 
argument below, the main challenge for solving this question is to prove the L p -integrability of 
the inverse of the Malliavin covariance matrix. Notice that the technique developed in [7] seems 
not work for the general (UJ^). 

2. Proof of Theqrem I1.1I 

We need the following simple lemma about the density of the jump number of the subordi- 
nator. 

Lemma 2.1. For s > 0, set M s := £ s - t s - and 

S := [t e S : [s : A€ s > 0} is dense in [0, oo)}. 
Under ([1. 71 ), we have jU S (S ) = 1. 



Proof. Let J* be the total of all rational intervals in [0, oo), i.e., 

J* := {/ = (a,b) : a < b are rational numbers}. 

For / G «y , let us write 

S/ := K e § : / c {s : A4 = 0}}. 

It is easy to see that 

S - So = U/ e jfS/. 

Thus, for proving /i§(§o) = 1. it is enough to prove that for each / = {a, b) e J?, 

i"s(S/) = A*s(tf g S : {a, b) c {s '. M, = 0}}) = 0, 
which, by the stationarity of the subordinator, is equivalent to 

fi$({£ 6 S : (0, b - a) c {s : A€ s = 0}}) = 0. (2.1) 

Since 

{€ g S : (0, b - a) c {s : A£ s = 0}} = {£ e S : 4 = 0, Vs e (0, b - a)}, 
by (11.71) . we obtain (12.11) . and complete the proof. □ 

For a functional F on W, the Malliavin derivative of F along the direction h G H is defined as 

F(w + e/?) - F(w) ~ 
D A F(w) := lim — : — in L 2 (W,// W ). 

If /z i-> D h F is bounded, then there exists a unique ZXF G L 2 (W,// W ; H) such that 

</;/". /;>.. = /V". /// G H. 

In this case we shall write F e @(D) and call DF the Malliavin gradient of F. 
For £ g S and x e R d , let Xf (x) = solve the following SDE: 



x;=x+ f &(Xf)ds + A^ ( . (2.2) 
Jo 

Let /f = /f (x) = VZf (x) be the derivative matrix of X\ (x) with respect to the initial value x. It 
is easy to see that 

J e t =I+ f V6(*f) • 4 ds - (2-3) 
Jo 

Let Kf be the inverse matrix of Jf. Then K\ satisfies 

K\ = l- f K e s -Vb(X e s )&s. (2.4) 
Jo 

Moreover, we also have Xf (x) e @(D). The Malliavin covariance matrix is defined by 

(Sf)y-:=<D(Zfy',Z)(Zfy> H . 

The following lemma provides an explicit expression of If in terms of jf , which is crucial in 
the Malliavin's proof of Hormander's hypoellipticity theorem. 

Lemma 2.2. We have 

if = if U KiAA*(K € s )*dA (Jfy, (2.5) 
where * denotes the transpose of a matrix. 



Proof. For s e (0, 1), we define 



?f := - s J £ s ds = ^ £ ss+t ds. 



(2.6) 



Since ? i — » ^ f is strictly increasing and right continuous, it follows that for each t > 0, 

i E t it t as e|0. (2.7) 

Moreover, t ^ £ E is absolutely continuous and strictly increasing. Let y e be the inverse function 
of T, i.e., 

€% = t, t>& and y% = t, t > 0. 
By definition, yf is also absolutely continuous on [€* oo). Let Xf solve the following SDE 



Xf = x+ f b(Xf)ds + A(W {f -W { A 
Jo 



Let us now define 

Yf(x):=X^(x), t>q. 
By the change of variables, one sees that 



Y t =*+ b{Y l s Jfids + A(W, - We). 



It is well-known that (cf. QH p. 127, (2.60)]) 



{DY c t \DY^ = VY c t ' 



If 



(vyfr^ccvyf)" 1 )** 1 * 



(vyf)*. 



By the change of variables again, we obtain 



{DXf,DXf) m = VXf ( f' (VYfr'AA^iVYfy'Tds 
\Jt° ) 

= vxflj\vx* s 



e B \* 



(VX< ) 



: :y l AA*((VXf y l )*d£ E I (VXf ) 



= 7? ^ ^AA^)*d^l(/f )*. 

From equation (12.21 ), it is easy to see that for each t > 0, 

lim|Zf - Zf| < ClimlWi- - W/J = 0. 

ej.0 s|0 ' 

Thus, by equations (12.31) and (12.41) . we also have 



lim sup |7f - Ji\ = 

£ J-° se[0,t] 



and 



lim sup |tff - K e s \ = 0. 



(2.8) 



£ J-° S€[0,t] 

Taking limits for both sides of (12.81) we obtain (|2.5I) (see L22J). 

The following lemma is a direct application of Ito's formula (cf. IPT91 p.81, Theorem 33]). 
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□ 



Lemma 2.3. Let V : R rf — > M d be a d x d-matrix valued smooth function. We have 

K e t V(X { t ) = V(x) + f K e s (b -VV-Vb- V)(X*)ds + f K* ■ (VV)(X e s _) ■ AdW (; 
Jo Jo 

+ J] K c s (V(X c s ) - V(Xl) - W(X<_) ■ AX C S ), 



where AXf := Zf - Xl = We. - W, 



0<s« 



We are now in a position to give 

Proof of Theorem By Lemma [2TT1 and (|1.13l) . it is enough to prove that for each i e §o> 
the law of X\ under /u w is absolutely continuous with respect to the Lebesgue measure. By [fT6l 
p.97, Theorem 2.1.2], it suffices to prove that Ef is invertible. Since J c t is invertible, we only 
need to show that for any row vector a^Oe R d , 



Jo 



■ c s A\ l <M s > 0. (2.9) 

Jo 

Suppose that 

f |a<A| 2 d4 = Yj I^Ml 2 A4 = 0, 

J° S£(0,f] 

then by Lemma I2~T1 and the continuity of 5 i-» |a^fA|, we have 

aK £ s A = 0, Vs e [0, f]. 

Thus, by (12.41) we get 

= aK[A = aA- f aKl(Vb)(X e s )Ads, Vt' e [0, 
Jo 

which in turn implies that 

aA = 0, (2.10) 

and by the right continuity of s i-> X £ s , 

aK%(Xj)A = aK c s (Vb)(X c s )A = 0, V* e [0, t]. (2.11) 
Now we use induction method to prove that for each n e N, 

aK e s B n (X[)A = 0, Vs 6 [0, (2.12) 
Suppose that (12.121) is true for some n. By Lemma [231 we have 

K*B n (Xj) = B n (x) + f KiB n+1 (X e s )ds + M t + V t , 
Jo 

where 

M t := f K e r (VB n )(X e s _)-AdW is , 
Jo 

and 

V t := J] K pn( x i) - B n(Xl) - (Vfl„)(Xt) " A(AW>,)). 
Thus, by (12.121) we have 

f aK e s B H+1 (X e s )Ads + aM f A + aV f A = 0, W e [0, t]. (2.13) 
Jo 
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By the induction assumption (12. 121 ), we have 

aK { s B n (X e s )A = aK ( s B n {X c s JA = 0. 

Hence, 



V f A = - ^ aK e s ■ (VB n )(X e s _) ■ A(AW Cs ) - A 

aK\ ■ (VB n )(X { s _) ■ AdW €s ■ A = -aM f A, 



a 

0<s<f 

(.</> 
JO 

which together with (12.131) implies that 

aK e s B n+l {X[)A = 0, e [0,t]. 

The assertion (12.121 ) is thus proved. Combining (12.101 ) and (12. 121) and by letting s — > 0, we 
obtain 

aA = aBi(x)A = ■■■ = aB n (x)A = 0, 
which is contrary to (Jrf? n )- The proof is thus complete. 

3. Proof of Theorem 1 1.21 
In this section we use the following filtration: 

& t :=o-{W Ss ,S s :s<t}. 

Clearly, for t > s, W s , - W$ s and S t - S, s are independent of & s . 

Let us first prove the following estimate of exponential type about the subordinator S t . 

Lemma 3.1. Let f s : R.+ — > R+ be a bounded continuous nonnegative ^ t -adapted process. For 
any s,6 > 0, we have 



P^f s dS s ^e;^f s ds>6 



< _1 -0(1/6)5 



where 

, -, '°g 2 
A Cmico 

(p(A) := - uv s (du), A>0, 

2 Jo 

and v s is the Levy measure of the subordinator S t . 
Proof. For A > 0, set 

g A s := (l-e-^)v s (d M ) 
Jo 

and ^ ^ 

Af*:=-A f AdS s + f g>. 
Jo Jo 

Let /i(/, di<) be the Poisson random measure associated with S ,, i.e., 

Hit, U) := ^ lu(AS s ), Ue&QU). 

Let ju(t, du) be the compensated Poisson random measure of //(/, du), i.e., 

/}(/, du) = fj.(t, du) - tv s (du). 

Then we can write 

f s dS s = ( ( f ufx(ds, du) = I I f s ufi(ds,du) + I I / v Kv s (di<)d^ 
o JoJo JoJo JoJo 



By Ito's formula, we have 

e M ' =1+|| e M -[e-^" - l]/2(ds, da). 
Jo Jo 

Since for x > 0, 

1 — e~ v < 1 A x, 

we have 

/-*oo 

^< (1 A (i||/|U))y s (d M ) 
Jo 

and 

g A s ds<t (lA(A||/|Uu))v s (dii). 
o Jo 

Hence, for any A > and t > 0, 

Ee M ' = 1. 

On the other hand, since for any k e (0, 1) and x < - log 

1 - e~ Y > kx, 

we have 

log 2 



Thus, 



riTic ,, /if., f-ni/iioo 

^> (l-e-^")v s (d«)>-^ i*v 5 (di0 = 001)/,. 
Jo ^ Jo 



> -A E +<f,(A)S 



c |e ' ^ e 

which then implies the result by Chebyschev's inequality and letting A = -. 
Let N(t, dy) be the Poisson random measure associated with L, = W$ t , i.e., 

N(t, V) = £ l r (L, - L,._), T e 

Let 7V(£, dy) be the compensated Poisson random measure of N(t, dy), i.e., 

/V(*,dy) = iV(*,dy)-?v L (dy), 
where v L is the Levy measure of L t given by (11.91) . By Levy-Ito's decomposition, we have 



-I 

JR' 



L t = W St = | yA^,dy), (3.1) 

where we have used f r< ^ <R yvi(dy) = 0. 

We recall the following result about the exponential estimate of discontinuous martingale (cf. 
El Lemma 1]). 

Lemma 3.2. Let f s (y) be a bounded ^-predictable process with bound A. Then for any 6, p > 0, 
we have 



P< sup 

[te[0,T] 



fl 



f s (y)N(ds,dy) 




'0 jR d 



2(A6 + p) 



The following lemma is contained in the proof of Norris' lemma (cf. |[T6l p. 137]). 
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Lemma 3.3. For T > 0, let f be a bounded measurable R d -valued function on [0, T]. Assume 
that for some s < T and x e R d , 



Then we have 



sup 

re[0,T] 



f x+ [ fd 

Jo Jo 

Jo 



dt^s' 



< 2(1 + ||/|U)e. 



Proof. By Chebyshev's inequality we have 



Leb it e [0, r] : 



Jo 



> e ^ < s < T. 



Thus, for each t e [0, T], there exits an s e [0, T] such that 



Is - t\ < e and 



x + f r dr 



< s. 



Consequently, for such t, s, 



a + f f r dr < + f /,-dr + f / r dr 

Jo Jo Js 



< £ + S 



In particular, 
hence, 



be < s + s 



Jo 



< \x\ + 



x+ fds 



< 2(e + ell/Nco). 



The proof is finished. 

We now prove the following Norris' type lemma (cf. [[161 1711). 
Lemma 3.4. Let Y t = y + f^fisds be a W -valued process, where fi, takes the following form: 

Jo 



□ 



s ds+ g s (y)N(ds,dy), 
/oJr<' 



where y t and g t (y) are two & t -predictable R d -valued processes. Suppose that for some Ci , C 2 > 
and all s > 0,y e W 1 , 

10,1 + W < Ci, \g s (y)\ < C 2 (l A \y\). (3.2) 

Then for any T > and 8 < h, there exists sq = sq{C\,C%,6) g (0, 1) such that for all e e 
(0, T 3 A e Q ), 



Proof. Let us define 



P^ \Y s \ 2 ds <s >J o \fis\ 2 ds > e<5 j < exp{-e^5}. 
:= f J3 s ds, M t := ff (h s ,g s (y)) Rd N(ds,dy), 

Jo JoJR d 



(3.3) 



and 



-tf 



\Y s \ z ds <e\, E 2 :=\sup \h t \ < 2(1 + d)^ }> , 

10 



E 3 := \{M) T < C 3 J) , E 4 :=\ sup \M t \ < s s \ , 

U[0,T] J 



r 



where C3 and C 4 are determined below. 

First of all, by Lemma [3731 one sees that for s < T 3 , 

£ic£ 2 c £ 3 , (3.4) 

where the second inclusion is due to 

(M) T = f f \(h s ,g s (y))^\ 2 VL(dy)ds < 4(1 + CtfCll f 1 A \y\ 2 v L (dy)) S ? =: C 3 el 

Jo jR d \jR d I 

On the other hand, by integration by parts formula, we have 

f \p t \ 2 dt= f (fi„dh t ) Rd = <fi T ,h T ) Rd - f (h t ,y t ) R At- M T . 
Jo Jo Jo 

From this, one sees that for the choice of C 4 = 4Ci(l + C\) + 1, 

£ 2 n£ 4 c E 5 . 

which together with (13.41) gives 

£in£;c£ 2 n£ 3 n 

Thus, by Lemma [3T21 we have 



P(E X n£j) < 2 exp - 



g 2S 



2(2(1 + Ci)£3 +d + C 3 £3) 

and (|3.3I) follows by choosing s = s (Ci, C 3 , C 4 , 5) small enough. □ 
Below we set 

:= 2f|f = s, := A^ =5 , 7, := Jf\(=s- 
The following lemma is the key step for proving the smoothness of p t (x, y). 

Lemma 3.5. For any p > 1 and t > 0, there exist an s Q > an J C p > such that for all 
s e (0, £0), 

suppj f \aK s A\ 2 dS s <s\ <C p s p . (3.5) 
M=i [Jo ) 

Proof. By Lemma I3~T1 and (11.1 IK for the given 6 in (11.1 Ik there exists an s > such that for 
all s e (0, e ), 

\aK s A\ 2 dS s < s\ < f \aK s A\'dS y < <<-;, I |(/A' s ,4.| : d.v > 



Jo 



+ P{ I la^Ard* < e' 



< exp 1 1 - ^ av s (d«)| + P |Y l«^A| 2 d5 < e e 



< exp { 1 - s- m ) + P\ J |«A',A| 2 d.v < / }• . ( 3.6) 
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Define now 

E := jjT \ a K s A\ 2 ds < s e \ , F := |a^V&(X s )A| 2 di < . 
Notice that by (I3TTT) . 

X t = x+ f b(X s )ds+ f yN(t,dy). 

JO jR d 

If we set Y t : = a^ f A and 

fit ■ = aK t Vb(X t )A, g t (y) : = aK t (Vb(X t _ + Ay) - Vb(X t .))A, 

y t := aK t B 2 (X t )A + J aK t (vb(X t + Ay) - Vb(X t ) - Ay ■ Vb(X t ))Av(dy), 
then by equation (|2.4I) and Ito's formula, one sees that Y, = aA + JT J3 s ds and 

/3 t = aVb(x)A+ f y s ds+ ff g s (y)N(ds,dy). 

Jo JoJR d 

By the assumptions, it is easy to see that 

^l + lrtKCidiVfeiujiv^iuiiAH) 

and 

\g,(y)\ < C 2 (||VZ7|L, ||V 2 Z7|L, ||A||)(1 A \y\). 
Thus, by Lemma [3741 we have 

P(E) = P(E n F c ) + P(E n F) < expC-e^ 5- ^) + n i 7 ). 

Define 

r :=inf {5 > : \K S -I\ > ±) A 

Then 

P(£ nf)<P(£nFn(r> e 50 }) + P(t < e 50 ). 

Notice that 



P(r < e 6e ) < /> \ sup |/C - 7| > \ \ < 2 P E 

1 ig(0,£ <5e A0 



sup |jsr, - < c(s se a 

,i€(0,£* e Af) / 



and by {UM[), 

E C\ F c \ I {\aK s A^ + \aK s Vb{X s )A¥)ds <s" + s d 



I' 
Jo 



\aK s \ 2 



f |aif,| 2 d^ 
Jo 



Since on {r ^ e**}, 

|a^|>l-|^-/|>i, se[0,t], 
it is easy to see that for any s < » 

£nFn(O£ ? l = 0. 

Hence, in view of £ < |, there exists e small enough such that for any p > 1 and e 6 (0, £o)> 

P(E) < Ce 5ep , 
12 



which together with (13.61) yields (13.51) . The proof is complete. □ 

W also need the following standard result. 

Lemma 3.6. Suppose that S t has finite moments of all orders and b e C°°(R d ) has bounded 
derivatives of all orders. Then for any m = 1, 2, * • • and p > 1, we have 



sup e(\\D'"XX w 



[=S 



< +oo. 



Proof. Noticing that 



we have 



Jo 



DX\ = Vb(X s )DX e s ds + € t A •, 



llD^fllH < IIVilL f H£>xf|| H d5 + ^ 1/2 . 

Jo 

By Gronwall's inequality, we obtain 



\\DX* || H < ^ f 1/2 + C I 



1^ 

Jo 



/2, 



Hence, for any p > 1 , 



E(||ZMtf||£[_J < CE|5,| p/2 + E|S,r /2 d 



5 < +00 



The higher order derivatives can be estimated similarly. □ 
Now we can give 

Proof of Theorem \1.2[ By [16, p. 102, Theorem 2.1.4] and Lemma [331 it suffices to prove 
that for any p > 1 , 



E\Z; l \ p < +oo. 



(3.7) 



Notice that by (1231) . 



K S AA* K* s dS A J* . 



Since J t = K, is bounded, we only need to prove that for any p > 1, 



Jo 



,.AA*iTdS,. 



< +oo. 



Since 5 f has finite moments of all orders, this estimate follows by [fT6l p. 133, Lemma 2.3.1] 
and([33]). 
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